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1. INTRODUCTION AND THE MAIN RESULTS
Throughout the paper A will denote a fixed artin algebra over a
commutative artin ring R. We shall denote by mod A the category of all
finitely generated right A-modules. By a module we always mean an object
of mod A.
The Auslander]Reiten quiver G of A is an important combinatorialA
and homological invariant of the category mod A. Recall that G is aA
valued translation quiver defined as follows. The vertices of G are theA
w x w x w xisoclasses X of indecomposable modules; X “ Y is an arrow in G ifA
w x w xthere is an irreducible morphism from X to Y ; the translation in G isA
Ž X .the Auslander]Reiten translation t s D Tr; the valuation d , d forA X Y X Y
w x w xan arrow X “ Y in G is defined such that d is the multiplicity of YA X Y
in the codomain of the minimal left almost split morphism for X and dXX Y
is the multiplicity of X in the domain of the minimal right almost split
morphism for Y. We shall not distinguish between an indecomposable
w xmodule X and the corresponding vertex X of G . Moreover, we willA
Ž .1, 1
write X “ Y instead of X “ Y, and t instead of t . Frequently, forA
example, in the finite and tame representation type, we may recover A and
mod A from the graph structure of G . An approach to the problem ofA
1 Supported by Polish Scientific Grant KBN 2P03A 012 14. The main results of this paper
were announced by the first-named author during the International Conference ‘‘Representa-
tion Theory of Algebras’’ held at Bielefeld in September 1998.
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describing the shapes of the connected components of G , which wasA
w xinitialized by Riedtmann 15 , is to delete from G the t -orbits containingA A
projective or injective modules to obtain a better behaved subquiver G ,s A
called the stable part of G , and then try to recover G from G . TheA A s A
possible shapes of the connected components of G are described by thes A
w x w x w x w xworks of Riedtmann 15 , Todorov 18 , Happel et al. 9 , and Zhang 19
Ž w x. w xsee also 11 . This was extended by Liu who described in 12 the possible
Žshapes of the connected components of the left stable part G respec-l A
.tively, the right stable part G of G obtained by deleting from G ther A A A
Ž .t -orbits containing projective respectively, injective modules. However,A
there is a disadvantage in the above approach. Namely, by passing from GA
to G , G or G , we delete usually some t -orbits containing projective ors A l A r A A
injective modules, for example, all finite nonperiodic t -orbits, who carryA
important information on mod A and A. In fact, our knowledge of
connected components of G which are neither left nor right stable isA
rather poor.
The aim of this paper is to obtain new information about the shapes of
connected components of G containing oriented cycles. An indecompos-A
able module X lying on an oriented cycle of G is said to be cyclic, andA
otherwise acyclic. We denote by G the translation subquiver of Gc A A
obtained by removing from G all acyclic modules and the arrows attachedA
to them. We call G the cyclic part of G . The connected components ofc A A
Ž .G are said to be cyclic components of G . We show see Proposition 5.1c A A
that two indecomposable modules belong to the same cyclic components of
G if and only if they lie on a common oriented cycle in G . We areA A
interested in the shapes of infinite cyclic components of G . It follows fromA
w xZhang’s theorem 19 that an infinite cyclic component G of G is stable ifA
Ž r .and only if G is a stable tube ZA r t , for some r G 1. More generally,‘
w xby Liu’s theorem 12 an infinite cyclic component G of G is left stableA
Ž . Ž . Žrespectively, right stable if and only if G is a cyclic ray tube respec-
.tively, coray tube , that is, can be obtained from a stable tube by a finite
Ž .number of ray respectively, coray insertions in the sense of D’Este and
w x w xRingel 8 . In 1, 2 Assem and the second-named author introduced and
Ž w x.investigated see also 3 a more general type of translation quivers called
w xcoils. This was extended further in 14 to the concept of a generalized coil.
We mention that the coils have played a fundamental role in the represen-
tation theory of strongly simply connected algebras of polynomial growth
w x w xestablished in 17 . For example, it was shown in 17 that a strongly simply
connected algebra L over an algebraically closed field K is of polynomial
growth if and only if every cyclic component of G is a standard coil.L
Finally, we note that all generalized coils have cofinite cyclic parts and are
coherent in the following sense. A translation subquiver G of G is said toA
ALMOST CYCLIC COHERENT COMPONENTS 697
be coherent if the following two conditions are satisfied:
Ž .C1 For each projective module P in G there is an infinite sectional
Žpath P s X “ X “ ??? “ X “ X “ X “ ??? that is, X /1 2 i iq1 iq2 iq2
.t X for any i G 1 in G, called a ray starting at P.A i
Ž .C2 For each injective module I in G there is an infinite sectional
Žpath ??? “ Y “ Y “ Y “ ??? “ Y “ Y s I that is, Y / t Yjq2 jq1 j 2 1 j A jq2
.for any j G 1 in G, called a coray ending in I.
ŽA full translation subquiver G of G with the induced valuations ofA
.arrows is said to be convex if any path in G with source and target in GA
lies entirely in G. Moreover, G is said to be almost cyclic if all but a finite
number of vertices of G lie on oriented cycles contained entirely in G. In
the paper we introduce the concept of a generalized multicoil. Roughly
speaking a generalized multicoil is a connected translation quiver obtained
from a finite family of stable tubes by a finite sequence of admissible
Ž .operations see Section 2 for details . Finally, a generalized multicoil is
said to be cyclic if it coincides with its cyclic part.
The following main result of the paper describes the shape of an
arbitrary coherent and almost cyclic component of G .A
THEOREM A. Let G be a connected component of G . Then G is coherentA
and almost cyclic if and only if G is a generalized multicoil. In particular, G is
coherent and cyclic if and only if G is a cyclic generalized multicoil.
We shall derive now some consequences of Theorem A on the neigh-
bourhood of modules in coherent almost cyclic components of G . GivenA
q Ž y.an indecomposable A-module X we denote by X respectively, X the
Ž .set of all direct successors respectively, direct predecessors of X in G .A
Then we have the following.
COROLLARY B. Let G be a coherent and almost cyclic connected compo-
nent of G . ThenA
Ž . Ž .i E¤ery arrow in G has the tri¤ial ¤aluation 1, 1 .A
Ž . < q< < y<ii For each module X in G, we ha¤e X F 3 and X F 3.
Ž . < q< Ž < y< .iii Let X be a module in G with X s 3 respecti¤ely, X s 3 .
q  4 Ž y  4. < q< < q<Then X s Y , Y , Y respecti¤ely, X s Y , Y , Y and Y Y F 2,1 2 3 1 2 3 1 2
< y< < y< < q< < y< < q< < q< q ŽY Y F 2, Y s 2 s Y . Moreo¤er, Y Y s 1 if X respecti¤ely,1 2 3 3 1 2
y. < y< < y< q Ž y.X has no injecti¤e module, and Y Y s 1 if X respecti¤ely, X has1 2
no projecti¤e module.
Ž . < q< < y<iv The number of modules X in G with X s 3 or X s 3 is finite.
Moreover, we have the following fact.
COROLLARY C. Let G be a coherent and almost cyclic component of G .A
Ž .Then for each projecti¤e module P respecti¤ely, injecti¤e module I in G
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Žthere exists exactly one infinite sectional path in G starting at P respecti¤ely,
.ending in I .
For a connected component G of G with trivial valuations, we denoteA
< < w Ž .x Ž < <.by G the geometric realization of G, as defined in 7, 4.1 , and by p G1
Ž < < . < <the fundamental group p G , X of G at a fixed vertex X of G. It follows1
from the definition of a generalized multicoil that the fundamental group
of its geometric realization is a free group in a finite number of generators.
Ž w x.Then we get the following new characterization compare 2, Theorem A
of components of G which are coils.A
COROLLARY D. Let G be a connected component of G . Then G is a coilA
Ž < <.if and only if G is coherent, almost cyclic, and p G is an infinite cyclic1
group.
The following fact shows that all generalized multicoils occur as con-
nected components of the Auslander]Reiten quivers of algebras.
THEOREM E. Let G be a generalized multicoil. Then there exists an artin
algebra L whose Auslander]Reiten qui¤er G contains a connected compo-L
nent isomorphic to G.
In the paper we establish also the following combinatorial characteriza-
tion of generalized multicoils.
THEOREM F. Let G be a connected infinite ¤alued translation qui¤er.
Then G is a generalized multicoil if and only if the following conditions are
satisfied:
Ž .i There is an additi¤e length function on G with positi¤e ¤alues.
Ž .ii G is coherent.
Ž .iii There are con¤ex translation subqui¤ers C , C , . . . , C of the left1 2 r
stable part G of G and con¤ex translation subqui¤ers D , D , . . . , D of thel 1 2 s
right stable part G of G such that C , C , . . . , C are cyclic coray tubes,r 1 2 r
D , D , . . . , D are cyclic ray tubes, and the ¤ ertices of1 2 s
C , C , . . . , C , D , D , . . . , D exhaust all but finitely many ¤ertices of G.1 2 r 1 2 s
For background on the Auslander]Reiten theory of artin algebras we
w xrefer to 4 .
2. GENERALIZED MULTICOILS
The aim of this section is to introduce a new type of translation quiver
called a generalized multicoil, playing a fundamental role in our investiga-
tions.
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Ž .Let G, t be a translation quiver with trivial valuations. For a vertex x
Ž .in G, called the pi¤ot, we shall define five operations modifying G, t to a
Ž .new translation quiver G9, t 9 depending on the shape of paths in G
starting from x.
Ž .ad 1 Suppose that G admits an infinite sectional path
x s x “ x “ x “ ???0 1 2
starting at x and assume that every sectional path in G starting at x is a
subpath of the above path. For t G 1, let G be the following translationt
quiver, isomorphic to the Auslander]Reiten quiver of the full t = t lower
triangular matrix algebra,
We then let G9 be the translation quiver having as vertices those of G,
X Ž .those of G , additional vertices z and x where i G 0, 1 F j F t , andt i j i
having arrows as in the following figure.
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The translation t 9 of G9 is defined as t 9z s z if i G 1, j G 2, t 9zi j iy1, jy1 i1
s x if i G 1, t 9z s y if j G 2, z is projective, t 9xX s y , t 9xX siy1 0 j jy1 01 0 t i
Ž y1 . X Xz if i G 1, t 9 t x s x provided x is not injective in G, otherwise xiy1, t i i i i
is injective in G9. For the remaining vertices of G9, t 9 coincides with the
translation of G, or G , respectively. If t s 0, the new translation quiver G9t
is obtained from G by inserting only the sectional path consisting of the
vertices xX , i G 0.i
Ž .ad 2 Suppose that G admits two sectional paths starting at x, one
infinite and the other finite with at least one arrow
y ⁄ ??? ⁄ y ⁄ y ⁄ x s x “ x “ x “ ???t 2 1 0 1 2
such that any sectional path starting at x is a subpath of one of these paths
and x is injective. Then G9 is the translation quiver having as vertices0
X X Žthose of G, additional vertices denoted by x , z , x where i G 1, 1 F j F0 i j i
.t , and having arrows as in the following figure.
The translation t 9 of G9 is defined as xX is projective-injective, t 9z s0 i j
z if i G 2, j G 2, t 9z s x if i G 1, t 9z s y if j G 2, t 9xX siy1, jy1 i1 iy1 1 j jy1 i
X Ž y1 . Xz if i G 2, t 9x s y , t 9 t x s x provided x is not injective in G,iy1, t 1 t i i i
otherwise xX is injective in G9. For the remaining vertices of G9, t 9i
coincides with the translation t of G.
Ž .ad 3 Suppose that G admits a full translation subquiver
y “ y “ ??? “ y1 2 t
› › ›
x s x “ x “ ??? “ x “ x “ ???0 1 ty1 t
t G 2, x is injective, the paths y “ y “ ??? “ y , x “ x “ x “ ???ty1 1 2 t 0 1 2
Žare sectional and every sectional path in G starting at x respectively, at0
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.y is a subpath of one of the paths x “ y or x “ x “ x “ ???1 0 1 0 1 2
Ž .respectively, of y “ y “ ??? “ y . Moreover, consider the subquiver of1 2 t
G obtained by deleting the arrows y “ tyy , 2 F i F t, and assume thati iy1
its connected component G* containing the vertex x does not contain any
of the vertices tyy , 2 F i F t. Then G9 is the translation quiver havingiy1
as vertices those vertices of G*, additional vertices denoted by xX , z , xX0 i j i
Ž .where i G 1, 1 F j F t , and having arrows as in the figures below
} if t is odd,
} if t is even,
The translation t 9 of G9 is defined as: xX is projective, t 9z s z if0 i j iy1, jy1
i G 2, 2 F j F t, t 9z s x if i G 1, t 9xX s y if 1 F i F t, t 9xX s z ifi1 iy1 i i i iy1, t
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X Ž y1 . Xi G t q 1, t 9y s x if 2 F j F t, t 9 t x s x , if i G t provided x isj jy2 i i i
not injective in G, otherwise xX is injective in G9. In both cases, xX isi ty1
injective. For the remaining vertices of G9, t 9 coincides with the transla-
tion t of G.
Ž .ad 4 Suppose that G admits two sectional paths, one of them
infinite, starting at x and the other finite, starting at y1
x s x “ x “ x “ ???0 1 2
y “ y “ ??? “ y1 2 t
Ž .t G 1, and any sectional path in G starting at x respectively, at y is a1
Žsubpath of the path x “ x “ x “ ??? respectively, y “ y “ ??? “0 1 2 1 2
.y . Moreover, consider the subquiver of G obtained by deleting the arrowst
y “ tyy , 2 F i F t, and assume that its connected component G* con-i iy1
taining the vertex x does not contain any of the vertices tyy , 2 F i F t.iy1
Let r be a nonnegative integer. If r s 0, then G9 is the translation quiver
X Žhaving as vertices those of G*, additional vertices denoted by z , x wherei j i
.i G 0, 1 F j F t , and having arrows as in the following figure.
The translation t 9 of G9 is defined as: t 9z s z if i G 1, j Gi j iy1, jy1
2, t 9 z s x if i G 1, t 9z s y if j G 2, z is projective, t 9xX si1 iy1 0 j jy1 01 0
X Ž y1 . Xy , t 9x s z if i G 1, t 9 t x s x provided x is not injective in G,t i iy1, t i i i
otherwise xX is injective in G9. For the remaining vertices of G9, t 9i
coincides with the translation of G. If r G 1, then G9 is the translation
quiver having as vertices those of G*, additional vertices denoted by
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X Ž .u , z , x where 1 F k F r, 1 F l F t q r, i G 0, 1 F j F t q r , and hav-k l i j i
ing arrows as in the following figure.
The translation t 9 of G9 is defined as: t 9z s z if i G 1, j G 2, t 9zi j iy1, jy1 i1
s x if i G 1, t 9z s u if 2 F j F t q r, z , u , 1 F k F r areiy1 0 j r , jy1 01 k1
projective, t 9u s u if 2 F k F r, 2 F l F t q r, t 9u s y if 2 Fk l ky1, ly1 1 l ly1
X X Ž y1 . Xl F t q 1, t 9 x s u , t 9x s z if i G 1, t 9 t x s x provided0 r , tqr i iy1, tqr i i
x is not injective in G, otherwise xX is injective in G9. For the remainingi i
vertices of G9, t 9 coincides with the translation of G.
Ž .fad 1 Suppose that G admits a finite sectional path
x s x “ x “ x “ ??? “ x0 1 2 s
starting at x, s G 0, x is injective, and assume that every sectional path ins
G starting at x is a subpath of the above path. For t G 1, let G be thet
Ž .translation quiver as in definition of ad 1 . We then let G9 be the
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translation quiver having as vertices those of G, those of G , additionalt
X X Ž .vertices z , y , w, and x where 0 F i F s, 1 F j F t and having arrows asi j j i
in the following figure.
The translation t 9 of G9 is defined as: t 9z s z if i G 1, j G 2, t 9zi j iy1, jy1 i1
s x if i G 1, t 9z s y if j G 2, z is projective, t 9xX s y , t 9xX siy1 0 j jy1 01 0 t i
Ž y1 . X Xz if i G 1, t 9 t x s x provided x is not injective in G, otherwise xiy1, t i i i i
is injective in G9, t 9yX s x , t 9yX s z if 2 F j F t, t 9w s z . For the1 s j s, jy1 st
remaining vertices of G9, t 9 coincides with the translation of G, or G ,t
respectively. If t s 0, the new translation quiver G9 is obtained from G by
inserting only the sectional path consisting of the vertices xX , 0 F i F s,i
and w. Observe that for s s 0 s t the new translation quiver G9 is
obtained from G by adding the projective-injective vertex xX and the0
vertex w with t 9w s x .0
Ž .fad 2 Suppose that G admits two finite sectional paths starting at
x, each of them with at least one arrow
y ⁄ ??? ⁄ y ⁄ y ⁄ x s x “ x “ x “ ??? “ xt 2 1 0 1 2 s
such that any sectional path starting at x is a subpath of one of these paths
and x , x are injective. Then G9 is the translation quiver having as0 s
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X X X Žvertices those of G, additional vertices denoted by x , z , y , w, x where0 i j j i
.1 F i F s, 1 F j F t , and having arrows as in the following figure.
The translation t 9 of G9 is defined as xX is projective-injective, t 9z s0 i j
z if i G 2, j G 2, t 9z s x if i G 1, t 9z s y if j G 2, t 9xX siy1, jy1 i1 iy1 1 j jy1 i
X Ž y1 . Xz if i G 2, t 9x s y , t 9 t x s x provided x is not injective in G,iy1, t 1 t i i i
otherwise xX is injective in G9, t 9yX s x , t X yX s z if 2 F j F t, t 9w si 1 s j s, jy1
z . For the remaining vertices of G9, t 9 coincides with the translation tst
of G.
Ž .fad 3 Suppose that G admits a full translation subquiver
y “ y “ ??? “ y1 2 t› › ›
x s x “ x “ ??? “ x “ x “ ??? “ x0 1 ty1 t s
s G t y 1, t G 2, x , x are injective, the paths y “ y “ ??? “ y , xty1 s 1 2 t 0
“ x “ ??? “ x are sectional, and every sectional path in G starting at1 s
Ž .x respectively, at y is a subpath of one of the paths x “ y or0 1 0 1
Ž .x “ x “ ??? “ x respectively, of y “ y “ ??? “ y . Then G9 is the0 1 s 1 2 t
translation quiver having as vertices those vertices of G, additional vertices
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X X X Ž .denoted by x , z , y , w, x where 1 F i F s, 1 F j F t , and having arrows0 i j j i
as in the figures below
} if t is odd,
} if t is even,
ALMOST CYCLIC COHERENT COMPONENTS 707
The translation t 9 of G9 is defined as: xX is projective, t 9z s z if0 i j iy1, jy1
i G 2, 2 F j F t, t 9z s x if i G 1, t 9xX s y if 1 F i F t, t 9xX s z ifi1 iy1 i i i iy1, t
X Ž y1 . Xi G t q 1, t 9y s x if 2 F j F t, t 9 t x s x , if i G t provided x isj jy2 i i i
not injective in G, otherwise xX is injective in G9. In both cases, xX isi ty1
injective, t 9yX s x , t X yX s z if 2 F j F t, t 9w s z . For the remaining1 s j s, jy1 st
vertices of G9, t 9 coincides with the translation t of G. Observe that for
s s t y 1 we have z s yX and xX s w.t t t t
Ž .fad 4 Suppose that G admits two finite sectional paths, one of them
starting at x and the other starting at y1
x s x “ x “ x “ ??? “ x0 1 2 s
y “ y “ ??? “ y1 2 t
t G 1, s G 1, x is injective, and any sectional path in G starting at xs
Ž . Žrespectively, at y is a subpath of the path x “ x “ ??? “ x respec-1 0 1 s
.tively, y “ y “ ??? “ y . Let r be a nonnegative integer. If r s 0, then1 2 t
G9 is the translation quiver having as vertices those of G, additional
X X Ž .vertices denoted by z , y , w, x where 0 F i F s, 1 F j F t , and havingi j j i
arrows as in the following figure.
The translation t 9 of G9 is defined as: t 9z s z if i G 1, j G 2, t 9zi j iy1, jy1 i1
s x if i G 1, t 9z s y if j G 2, z is projective, t 9xX s y , t 9 xX siy1 0 j jy1 01 0 t i
Ž y1 . X Xz if i G 1, t 9 t x s x provided x is not injective in G, otherwise xiy1, t i i i i
is injective in G9, t 9yX s x , t 9yX s z if 2 F j F t, t 9w s z . For the1 s j s, jy1 st
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remaining vertices of G9, t 9 coincides with the translation of G. If r G 1,
then G9 is the translation quiver having as vertices those of G, additional
X X Žvertices denoted by u , z , y , w, x where 1 F k F r, 1 F l F t q r, 0 F ik l i j j i
.F s, 1 F j F t q r , and having arrows as in the following figure.
The translation t 9 of G9 is defined as: t 9z s z if i G 1, j G 2, t 9zi j iy1, jy1 i1
s x if i G 1, t 9z s u if 2 F j F t q r, z , u , 1 F k F r are pro-iy1 0 j r , jy1 01 k1
jective, t 9u s u if 2 F k F r, 2 F l F t q r, t 9u s y if 2 F lk l ky1, ly1 1 l ly1
X X Ž y1 . XF t q 1, t 9x s u , t 9x s z if i G 1, t 9 t x s x provided x0 r , tqr i iy1, tqr i i i
is not injective in G, otherwise xX is injective in G9, t 9yX s x , t 9yX s zi 1 s j s, jy1
if 2 F j F t q r, t 9w s z . For the remaining vertices of G9, t 9 coin-s, tqr
cides with the translation of G.
Ž .ad 5 The translation quiver G9 is obtained in the following three
Ž . Ž . Žsteps: first we are doing on G one of the operations fad 1 , fad 2 , or fad
. Ž . Ž .3 , next a finite number possibly empty of the operation fad 4 , and
Ž .finally the operation ad 4 , and in such a way that the sectional paths
starting from all the new projective vertices have a common cofinite
Ž .infinite sectional subpath.
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We illustrate this operation by the following example.
EXAMPLE. Consider the following coray tubes
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where the vertical dotted lines have to be identified in order to obtain the
Ž .coray tubes. Applying the operation fad 3 with pivot at A and with0
s s t y 1 s 2 we get the following translation quiver
Ž .Applying now the operation fad 4 with pivot at C , s s 1, r s 2 and with0
the finite sectional path K “ K “ K “ K we get the following trans-1 2 3 4
lation quiver
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Ž .Applying further the operation fad 4 with pivot at E , s s 2, r s 1 and0
with the finite sectional path L “ L “ ??? “ L we get the translation1 2 7
quiver G5 obtained from the one above and the one below by identifying
along the sectional path L “ L “ ??? “ L .1 2 7
Ž .Finally, applying the operation ad 4 with pivot at H, r s 1 and with the
finite sectional path N “ N “ ??? “ N we get the translation quiver1 2 9
ŽG s G6 obtained by identifying along the sectional path L “ L “ ???1 2
.“ L the translation quiver G4 and the following translation quiver7
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Ž < <. < <Note that the fundamental group p G of the geometric realization G of1
G is a free group in four generators.
Ž . Ž .Finally, together with each of the admissible operations ad 1 , ad 2 ,
Ž . Ž . Ž . Ž . Ž .ad 3 , ad 4 , and ad 5 , we consider its dual, denoted by ad 1* , ad 2* ,
Ž . Ž . Ž .ad 3* , ad 4* , and ad 5* . These ten operations are called the admissible
operations.
ŽRecall that if A is the quiver 0 “ 1 “ 2 “ ??? with the trivial‘
Ž ..valuations 1, 1 , then ZA is the translation quiver of the form‘
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Ž . Ž . Ž r .with t i, j s i y 1, j for i g Z, j g N. For r G 1, denote by ZA r t‘
Ž .the translation quiver obtained from ZA by identifying each vertex i, j‘
rŽ .of ZA with the vertex t i, j and each arrow x “ y in ZA with the‘ ‘
arrow t r x “ t r y, and call it the stable tube of rank r.
DEFINITION. A connected translation quiver G is said to be a general-
ized multicoil if G can be obtained from a finite family T , T , . . . , T of1 2 s
Ž . Žstable tubes by an iterated application of admissible operations ad 1 , ad
. Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1* , ad 2 , ad 2* , ad 3 , ad 3* , ad 4 , ad 4* , ad 5 , or ad 5* . If
s s 1, such a translation quiver G is said to be a generalized coil.
ŽObserve that any stable tube is trivially a generalized coil. A tube in the
w x.sense of 8 is a generalized coil having the property that each admissible
Ž . Ž .operation in the sequence defining it is of the form ad 1 or ad 1* . If we
Ž . Ž Ž ..apply only operations of type ad 1 respectively, of type ad 1* then such
Ž .a generalized coil is called a ray tube respectively, a coray tube . Observe
Ž .that a generalized coil without injective respectively, projective vertices is
Ž . Ž w x.a ray tube respectively, a coray tube . A quasi-tube in the sense of 16 is
a generalized coil having the property that each of the admissible opera-
Ž . Ž . Ž . Ž .tions in the sequence defining it is of type ad 1 , ad 1* , ad 2 , or ad 2* .
w xFinally, following 2 a coil is a generalized coil having the property that
each of the admissible operations in the sequence defining it is of the form
Ž . Ž . Ž . Ž . Ž . Ž .ad 1 , ad 1* , ad 2 , ad 2* , ad 3 , or ad 3* . We note that any
generalized multicoil G is a coherent translation quiver with trivial valua-
tions and its cyclic part G is infinite, connected, and cofinite in G, and soc
G is almost cyclic.
3. PROOF OF THEOREM E
Throughout this section, K will denote a fixed algebraically closed field.
An algebra L will always mean an associative K-algebra with an identity
and will be assumed to be basic. For such an algebra L, there exists a
Ž .bound quiver Q , I and an isomorphism L , KQ rI. If the quiver QL L L
has no oriented cycles, the algebra L is said to be triangular. Clearly, any
triangular algebra is of finite global dimension. Recall also that a full
translation subquiver C of G is called standard if the full subcategory ofL
mod L given by all indecomposable objects from C is equivalent to the
Ž . Ž w x.mesh category K C of C see 7 .
The aim of this section is to prove that for any generalized multicoil G
there exists a triangular algebra L whose Auslander]Reiten quiver con-
tains a standard connected component isomorphic to G. Clearly this will
imply Theorem E.
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The one-point extension of an algebra B by a B-module X is the matrix
algebra
B 0w xB X s
X K
w xwith the usual addition and multiplication of matrices. The quiver of B X
Ž .contains Q as a convex subquiver and there is an additional extensionB
w xvertex which is a source. The B X -modules are usually identified with the
Ž .triples V, M, w , where V is a K-vector space, M is a B-module, and w :
Ž . w x Ž .V “ Hom X, M is a K-linear map. A B X -linear map V, M, w “B
Ž . Ž .V 9, M9, w9 is then identified with a pair f , g , where f : V “ V 9 is
Ž .K-linear, g : M “ M9 is B-linear, and w9 f s Hom X, g w. One definesA
w xdually the one-point coextension X B of B by X.
Assume now that B is an algebra and G is a standard family of
connected components of G . We shall now show that to each of theB
Ž . Ž .admissible operations ad 1 ] ad 5 , applied to G, there corresponds a
modified algebra B9 such that the modified translation quiver G9, as
defined in the previous section, is a standard family of components in the
Auslander]Reiten quiver G of B9.B 9
Ž .ad 1 Let X from G be a pivot for the admissible operation of type
Ž .ad 1 and t G 1 be a positive integer. Denote by D s D the full t = tt
lower triangular matrix algebra and by Y the unique indecomposable
Ž .w xprojective-injective D-module. Then B9 s B = D X [ Y is the re-
w xquired modified algebra, as it was shown in 2, Lemma 2.2 .
Ž . Ž .ad 2 ] ad 3 Let X from G be a pivot for the admissible operation
Ž . Ž .of type ad 2 or ad 3 and assume that the quiver G*, defined in Section
w x2, satisfies the conditions imposed there. Then B s B X is the required
w xmodified algebra by 2, Lemmas 2.3 and 2.4 .
Ž .ad 4 Assume now that G admits two sectional paths
X s X “ X “ X “ ???0 1 2
and
Y s Y “ Y “ ??? “ Y ,1 2 t
Ž .and any sectional path in G starting at X respectively, at Y is a subpath
Ž .of X “ X “ X “ ??? respectively, of Y “ Y “ ??? “ Y . More-0 1 2 1 2 t
over, assume that the connected component G* of the subquiver of G
obtained by deleting the arrows Y “ tyY , 2 F i F t, containing thei B iy1
module X does not contain any of the modules tyY , 2 F i F t. Let r beB iy1
w xa positive integer. For r s 0 we put B9 s B X [ Y , while, for r G 1, the
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algebra B9 is defined to be the triangular matrix algebra of the form
B 0 0 ??? 0 0
Y K 0 ??? 0 0
Y K K ??? 0 0
. . . . . .B9 s . . . . . .. . . . . .
Y K K ??? K 0
X [ Y K K ??? K K
with r q 2 columns and rows. We note that the quiver Q of B9 isB 9
w xw xobtained from the quiver of the double one-point extension B X Y by
w xadding a path of length r q 1 with source at the extension vertex of B X
w x wand sink at the extension vertex of B Y . Applying arguments as in 14,
xLemma 2.1 , where the case r s 0 has been considered, we conclude that
Ž .the modified translation quiver G9 for any r G 1 is a standard family of
connected components of G .B 9
Ž .ad 5 The required algebra B9 is the corresponding iteration of the
extensions described above, and their finite versions corresponding to the
Ž . Ž . Ž . Ž .operations fad 1 , fad 2 , fad 3 , and fad 4 .
For example, we show how the generalized multicoil G presented in
Section 2 can be realized as a component of an Auslander]Reiten quiver.
Consider the following bound quiver algebra L given by the quiver
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and the ideal generated by the elements of the form ba , dg , «h, Dlk , gz ,
lkj , zm, pn , vp , us , cw. Observe that the coray tube G1 is the coray
tube in the Auslander]Reiten quiver of the bound quiver algebra given by
the vertices 1, 2, . . . , 16. Similarly, the coray tube G2 is the coray tube in
the Auslander]Reiten quiver of the bound quiver algebra given by the
vertices 21, 22, . . . , 31. The translation quiver G3 is a component of the
Auslander]Reiten quiver of the bound quiver algebra given by the vertices
1, 2, . . . , 17. The translation quiver G4 is a component of the
Auslander]Reiten quiver of the bound quiver algebra given by the vertices
1, 2, . . . , 20. The translation quiver G5 is a component of the
Auslander]Reiten quiver of the bound quiver algebra given by the vertices
1, 2, . . . , 33. The translation quiver G s G6 is a component of the Auslan-
der]Reiten quiver of the bound quiver algebra L given by the vertices
1, 2, . . . , 35.
4. FORBIDDEN TRANSLATION SUBQUIVERS
The aim of this section is to prove several technical lemmas on transla-
tion subquivers of G , playing a crucial role in the proof of the mainA
theorem. By a translation subquiver of G we mean a valued translationA Ž X .e , eX Y X Y 6subquiver G of G such that, for any arrow X Y in G, we haveA
e F d , eX F dX . Moreover, G is said to be a full translationX Y X Y X Y X Y Ž X .d , dX Y X Y 6subquiver of G if any arrow X Y in G with X, Y from G alsoA A Ž .1, 1 6
belongs to G. As before, we write X “ Y instead of X Y.
Ž .For a module X from mod A, we denote by l X the composition
Ž .length of X in mod A. We then get a length function l from the set GA 0
of vertices of G to the set N of positive integers satisfying the followingA 1
conditions:
Ž . Ž .i For each nonprojective vertex X g G ,A 0
l X q l t X s l Y dX .Ž . Ž . Ž .Ý Y X
yYgX
Ž . Ž .ii For each projective vertex X g G ,A 0
l X s 1 q l Y dX .Ž . Ž .Ý Y X
yYgX
Ž . Ž .iii For each injective vertex X g G ,A 0
l X s 1 q l Y d .Ž . Ž .Ý X Y
qYgX
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We start with the following lemma which we will use to exclude nontrivial
valuations in coherent cyclic components of G .A
4.1. LEMMA. Suppose G contains a translation subqui¤er of the formA
Ž .where the arrows from D to A , 1 F i F n, ha¤e the ¤aluation a, b , thei i
Ž .arrows from A to D , 1 F k F n, ha¤e the ¤aluation b, a , n G 1, r G 1,k kq1
ab G 2, and A is projecti¤e. Then F , F , . . . , F are not injecti¤e.1 0 1 r
Proof. Let n s 1. Assume first that A s F is injective, so A is1 0 1
Ž .projective-injective. Since b is the multiplicity of D respectively, D in1 2
Ž .the minimal right respectively, left almost split morphism for the projec-
Ž . Ž . Ž . Žtive respectively, injective module A , we have bl D - l A respec-1 1 1
Ž . Ž ..tively, bl D - l A . Moreover, we have the inequality2 1
abl A q bl C F bl D q bl D .Ž . Ž . Ž . Ž .1 1 1 2
Ž . Ž . Ž .All together this gives the inequality ab y 2 l A q bl C - 0, a contra-1 1
diction because ab G 2 and b ) 0. Therefore, F is not injective. Suppose0
now that one of the modules F , F , . . . , F is injective. Without loss of1 2 r
generality, we may assume that F , F , . . . , F are noninjective but F is1 2 ry1 r
injective. In particular, there are the indecomposable modules tyF , 0 F jj
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F r y 1. Observe that the following inequalities hold
l D q l H G al A q l H , 1Ž . Ž . Ž . Ž . Ž .1 2 1 1
l A q l tyF G bl D , 2Ž . Ž . Ž .Ž .1 0 2
l A ) bl D . 3Ž . Ž . Ž .1 1
If r s 1, then D s F is injective, and hence2 1
l D ) al tyF q l H . 4Ž . Ž . Ž .Ž .2 0 2
Ž . Ž .From 1 and 4 we get
b l D q l D ) abl A q abl tyF q bl H .Ž . Ž . Ž . Ž .Ž .Ž .1 2 1 0 1
Ž . Ž .Combining it with 2 and 3 we obtain
0 ) ab y 2 l A q ab y 1 l tyF q bl H .Ž . Ž . Ž . Ž .Ž .1 0 1
Because ab G 2 and b ) 0, we get again a contradiction.
Assume r G 2. Then we have the inequality
l D q l tyF G al tyF q l F .Ž . Ž .Ž . Ž .2 ry1 0 r
Since F is injective,r
l F ) l tyF q l HŽ . Ž .Ž .r ry1 2
Ž .holds, and combining the above inequalities with 1 we get
b l D q l D ) abl A q abl tyF q bl H .Ž . Ž . Ž . Ž .Ž .Ž .1 2 1 0 1
As in the previous case we receive a contradiction.
Let now n G 2. First observe that we have the inequalities
l D q l E G al A q l E , 1 F i F n y 1,Ž . Ž . Ž . Ž .i iq1 i i
l D q l D G al A q l E ,Ž . Ž . Ž . Ž .n nq1 n n
and hence
nq1 n




bl D G abl A q bl E .Ž . Ž . Ž .Ý Ýi i 1
is1 is1
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Involving now the inequalities
l A q l A G bl D , 2 F i F n ,Ž . Ž . Ž .iy1 i i
we conclude that
bl D q bl D G ab y 1 l A q ab y 1 l AŽ . Ž . Ž . Ž . Ž . Ž .1 nq1 1 n
ny1
q ab y 2 l A q bl EŽ . Ž . Ž .Ý i 1ž /
is2
G l A q l A q l EŽ . Ž . Ž .1 n 1
because ab ) 2. Since b is the multiplicity of D in the minimal right1
Ž .almost split morphism for the projective module A , we have bl D -1 1
Ž . Ž . Ž .l A . Suppose now that F s A is injective. Then bl D - l A ,1 0 n nq1 n
because b is the multiplicity of D in the minimal left almost splitnq1
morphism for A , and this contradicts the above inequalities. Therefore,n
F is not injective. Suppose now that one of the modules F , F , . . . , F is0 1 2 r
injective. Without loss of generality, we may assume that F , F , . . . , F1 2 ry1
are noninjective but F is injective. In particular, there are the indecom-r
posable modules tyF , 0 F j F r y 1. Combining the inequalitiesj
bl D q bl D G l A q l A q bl EŽ . Ž . Ž . Ž . Ž .1 nq1 1 n 1
and
bl E q bl H G bl H q bl DŽ . Ž . Ž . Ž .1 nq1 1 nq1
we get
bl D q bl H G l A q l A q bl H .Ž . Ž . Ž . Ž . Ž .1 nq1 1 n 1
Ž . Ž . Ž . Ž .We claim that l A ) bl H . Clearly, since l A ) bl D , this willn nq1 1 1
Ž .imply bl H - 0, a required contradiction. Observe first that1
l A q l tyA G bl D .Ž . Ž .Ž .n n nq1
If r s 1, then D is injective, and hencenq1
l D ) al tyA q l H .Ž . Ž .Ž .nq1 n nq1
But then we have
l A G ab y 1 l tyA q bl H ) bl H .Ž . Ž . Ž . Ž .Ž .n n nq1 nq1
Assume r G 2. Then we have the inequality
l D q l tyF G al tyA q l F .Ž . Ž .Ž . Ž .nq1 ry1 n r
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Ž . Ž y . Ž .Combining it with l A q l t A G bl D we obtainn n nq1
l A q bl tyF G ab y 1 l tyA q bl F ) bl F .Ž . Ž . Ž . Ž .Ž . Ž .n ry1 n r r
Finally, since F is injective,r
l F ) l tyF q l HŽ . Ž .Ž .r ry1 nq1
Ž . Ž .holds, and we get the required inequality l A ) bl H . Therefore,n nq1
the modules F , F , . . . , F are not injective.0 1 r
Our next aim is to analyze the positions of modules in G having at leastA
3 direct predecessors or successors.
4.2. LEMMA. Assume G contains a translation subqui¤er of the formA
with B projecti¤e and t G 2. Then at most one of the modules A and B can1 t t
be injecti¤e. Moreo¤er, if it is the case, and t is odd, then B is injecti¤e, whilet
if t is e¤en, then A is injecti¤e.t
Ž .Proof. It is sufficient to show that if t is odd respectively, t is even
Ž .then A respectively, B is not injective. Observe that the followingt t
inequalities hold
l D q l E G l A q l B q l E , 1 F i F t .Ž . Ž . Ž . Ž . Ž .i iq1 i i i
This induces the inequality
tq1 t t
l D G l A q l B q l E ,Ž . Ž . Ž . Ž .Ý Ý Ýi i i 1
is1 is1 is1
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because D s E . Suppose t is odd, say t s 2 s q 1 for some s G 1.tq1 tq1
Involving the inequalities
l A q l A G l D , 1 F j F s,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F s,Ž . Ž . Ž .2 j 2 jq1 2 jq1
we get
l D q l D G l B q l A q l E G l B q l A .Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 tq1 1 t 1 1 t
Ž . Ž . Ž . Ž .Since B is projective, we have l D - l B . Hence, l D ) l A , and1 1 1 tq1 t
consequently A is not injective. Similarly, if t s 2 s, s G 1, then using thet
inequalities
l A q l A G l D , 1 F j F s,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F s y 1,Ž . Ž . Ž .2 j 2 jq1 2 jq1
we get
l D q l D G l B q l B q l E G l B q l B .Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 tq1 1 t 1 1 t
Ž . Ž . Ž . Ž .Again l D - l B implies l D ) l B , and hence B is not injective.1 1 tq1 t t
4.3. LEMMA. Assume G contains a translation subqui¤er of the formA
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where n G 2, r G 1, and B is projecti¤e. Then F , F , . . . , F are neither1 1 2 r
injecti¤e nor direct predecessors of projecti¤e-injecti¤e modules.
Proof. We start with the inequalities
l D q l H G l A q l B q l H , 1 F i F n.Ž . Ž . Ž . Ž . Ž .i iq1 i i i
Summing up and reducing we get
n n n
l D q l H G l A q l B q l H .Ž . Ž . Ž . Ž . Ž .Ý Ý Ýi nq1 i i 1
is1 is1 is1
Moreover, we have the inequalities
l A q l A G l D , 2 F 2 j F n ,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 3 F 2 j q 1 F n.Ž . Ž . Ž .2 j 2 jq1 2 jq1
All together this gives
l D q l H G l B q l M q l H ,Ž . Ž . Ž . Ž . Ž .1 nq1 1 1
where M s A , if n is odd, and M s B , if n is even. It follows fromn n
Lemma 4.2 that M is not injective, and so tyM exists. We shall show that
Ž . Ž .if one of the modules F , F , . . . , F is injective then l M ) l H .1 2 r nq1
Without loss of generality we may assume that F , F , . . . , F are not1 2 ry1
Ž .injective if r G 2 but F is injective. Since B is projective, and sor 1
Ž . Ž . Ž .l D - l B , this will lead to l H - 0, a required contradiction. Note1 1 1
that
l M q l tyM G l D .Ž . Ž . Ž .nq1
If r s 1 then F s D is injective, and so1 nq1
l D ) l tyM q l H ,Ž . Ž . Ž .nq1 nq1
Ž . Ž .hence the required inequality l M ) l H immediately follows. As-nq1
sume r G 2. Then, the modules tyF , tyF , . . . , tyF exist and we have1 2 ry1
l D q l tyF G l tyM q l F .Ž . Ž . Ž .Ž .nq1 ry1 r
Moreover,
l F ) l tyF q l H ,Ž . Ž .Ž .r ry1 nq1
because F is injective. Hencer
l M q l tyM q l tyF G l D q l tyF G l tyM q l FŽ . Ž . Ž . Ž . Ž .Ž . Ž .ry1 nq1 ry1 r
) l tyM q l tyF q l H ,Ž . Ž .Ž .ry1 nq1
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Ž . Ž .and so l M ) l H . Therefore the modules F , F , . . . , F are notnq1 1 2 r
injective. Suppose now that one of the modules F , F , . . . , F is a direct1 2 r
predecessor of a projective-injective module. Without loss of generality we
may assume that F is a direct predecessor of a projective-injective moduler
Ž . Ž y . Ž y . Ž .Q. Then we have the inequality l F q l t F G l t F q l Q qr r ry1
Ž . Ž . Ž y .l H . Since Q is injective, we get l Q ) l t F . Combining this withnq1 r
Ž . Ž y . Ž .the above inequality we obtain l F ) l t F q l H and applyingr ry1 nq1
the arguments as in the first part of the proof we get again a contradiction.
4.4. LEMMA. G does not contain a translation subqui¤er of the formA
with B projecti¤e and Q projecti¤e-injecti¤e.1
Proof. We have the inequalities
l D q l E G l A q l B q l E , 1 F i F n y 1,Ž . Ž . Ž . Ž . Ž .i iq1 i i i
l D q l D G l A q l B q l E q l Q ,Ž . Ž . Ž . Ž . Ž . Ž .n nq1 n n n
which give
nq1 n n
l D G l A q l B q l E q l Q .Ž . Ž . Ž . Ž . Ž .Ý Ý Ýi i i 1
is1 is1 is1
Involving the inequalities
l A q l A G l D , 2 F 2 j F n ,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 3 F 2 j q 1 F n ,Ž . Ž . Ž .2 j 2 jq1 2 jq1
we then obtain
l D q l D G l B q l M q l E q l Q G l B q l Q ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 nq1 1 1 1
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where M s A , if n is odd, and M s B , if n is even. On the other hand,n n
Ž . Ž . Ž . Ž .l D - l B and l D - l Q , because B is projective and Q is1 1 nq1 1
injective, and we get a contradiction.
4.5. LEMMA. Assume G contains a translation subqui¤er of the formA
where t G 2, A , or B is projecti¤e, and A or B is injecti¤e. Then1 1 t t
q  4 q y  4 yA s D s B , for 1 F i F t y 1, and A s D s B , for 2 F i F t.i iq1 i i i i
Proof. Without loss of generality we may assume that B is projective.1
Let m , m , . . . , m , n , n , . . . , n be nonnegative integers such that1 2 ty1 1 2 ty1
l A q l A s l D q m ,Ž . Ž . Ž .i iq1 iq1 i
l B q l B s l D q n ,Ž . Ž . Ž .i iq1 iq1 i
for 1 F i F t y 1. We have to show that m s n s 0 for any 1 F i F t y 1.i i
Using the inequalities
l D q l E G l A q l B q l E , 1 F i F t ,Ž . Ž . Ž . Ž . Ž .i iq1 i i i
we get
tq1 t t
l D G l A q l B q l E .Ž . Ž . Ž . Ž .Ý Ý Ýi i i 1
is1 is1 is1
Ž . Ž .Since B is projective, we have l D - l B , and hence1 1 1
tq1 t t
l D ) l A q l B q l E . )Ž . Ž . Ž . Ž . Ž .Ý Ý Ýi i i 1
is2 is1 is2
ty1 Ž .Assume first that Ý m ) 0. Choose k maximal 1 F k F t y 1 withis1 i
m / 0. We have several cases to consider.k
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Ž .a Assume k and t are odd. Then B is injective, by Lemma 4.2, andt
k F t y 2. We have the inequalities
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 k kq1
s l D q m , l A q l A Gl D , l AŽ . Ž . Ž . Ž . Ž .kq1 k kq1 kq2 kq2 kq3
ql A Gl D , . . . , l A q l A G l D ,Ž . Ž . Ž . Ž . Ž .kq4 kq4 ty1 t t
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ky1 k
G l D ,Ž .k
l B q l B G l D , l B q l BŽ . Ž . Ž . Ž . Ž .kq2 kq3 kq3 kq4 kq5
G l D , . . . , l BŽ . Ž .kq5 ty2
ql B G l D .Ž . Ž .ty1 ty1
From the maximality of k we have m s 0, and hence any directkq1
predecessor of A different from D is injective. This implies m )kq1 tq1 k
Ž . Ž . Ž .l A . Moreover, B is injective, and so l B ) l D . Therefore,kq1 t t tq1
Ž . Ž . Ž .using ) , we get the inequality 0 ) l E q l B , a contradiction.1 kq1
Ž .b Assume k is even and t is odd. For 2 F k F t y 3, consider the
inequalities
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ky1 k
s l D q m , l A q l AŽ . Ž . Ž .k ky1 k kq1
s l D q m , l A q l AŽ . Ž . Ž .kq1 k kq2 kq3
G l D , l A q l A G l D , . . . , l AŽ . Ž . Ž . Ž . Ž .kq3 kq4 kq5 kq5 ty1
ql A G l D ,Ž . Ž .t t
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ky2 ky1
G l D ,Ž .ky1
l B q l B G l D , l B q l BŽ . Ž . Ž . Ž . Ž .kq1 kq2 kq2 kq3 kq4
G l D , . . . , l B q l B G l D ,Ž . Ž . Ž . Ž .kq4 ty2 ty1 ty1
and, for k s t y 1,
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ty4 ty3
G l D ,Ž .ty3
l A q l A s l D q m , l A q l AŽ . Ž . Ž . Ž . Ž .ty2 ty1 ty1 ty2 ty1 t
s l D q m ,Ž .t ty1
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and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ty3 ty2
G l D .Ž .ty2
Ž . Ž .Since B is injective, we have l B ) l D . Observe also that m qt t tq1 ky1
Ž .m G l A . Indeed, if A has a projective direct successor then m )k k k k
Ž . Ž .l A , and otherwise we have m q m G l A . Combining now thek ky1 k k
Ž .above inequalities, in both cases 2 F k F t y 3 and k s t y 1, with ) we
Ž . Ž .obtain the inequality 0 ) l E q l B , a contradiction.1 k
Ž .c Assume k is odd and t is even. Then A is injective, again byt
Ž . Ž .Lemma 4.2, and so l A ) l D . Suppose first that 1 F k F t y 3. Wet tq1
have the inequalities
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 k kq1
s l D q m , l A q l AŽ . Ž . Ž .kq1 k kq1 kq2
G l D , l A q l AŽ . Ž . Ž .kq2 kq3 kq4
G l D , . . . , l A q l A G l D ,Ž . Ž . Ž . Ž .kq4 ty2 ty1 ty1
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ky1 k
G l D ,Ž .k
l B q l B G l D , l B q l BŽ . Ž . Ž . Ž . Ž .kq2 kq3 kq3 kq4 kq5
G l D , . . . , l B q l B G l D .Ž . Ž . Ž . Ž .kq5 ty1 t t
Ž .From the maximality of k we have again m ) l A . All together thisk kq1
Ž . Ž .gives the inequality 0 ) l E q l B , a contradiction.1 kq1
Assume now k s t y 1. Then we have the inequalities
l A q l A G l D , l A q l A G l D , . . . , l AŽ . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ty3
ql A G l D ,Ž . Ž .ty2 ty2
l A q l A s l D q m ,Ž . Ž . Ž .ty1 t t ty1
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ty2 ty1
G l D .Ž .ty1
Ž .If A admits an injective immediate predecessor then m ) l A , andt ty1 t
Ž . Ž . Ž .combining the above inequalities with ) we get 0 ) l E q l B . Other-1 t
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wise, since m / 0, A admits a nonprojective immediate successor, sayty1 t
Ž . Ž .F, different from D . Since A is injective, we then have l A ) l F qtq1 t t
Ž . Ž . Ž . Ž . Ž . Ž .l D . Moreover, l t F q l F G l A leads to m q l F G l A ,tq1 t ty1 t
Ž .and consequently we obtain m ) l D . Combining this with thety1 tq1
Ž . Ž . Ž .above inequalities and ) we obtain again 0 ) l E q l B .1 t
Ž .d Assume k and t are even. We have the inequalities
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ky1 k
s l D q m , l A q l AŽ . Ž . Ž .k ky1 k kq1
s l D q m , l A q l AŽ . Ž . Ž .kq1 k kq2 kq3
G l D , l A q l AŽ . Ž . Ž .kq3 kq4 kq5
G l D , . . . , l A q l A G l D ,Ž . Ž . Ž . Ž .kq5 ty2 ty1 ty1
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ky2 ky1
G l D ,Ž .ky1
l B q l B G l D , l B q l BŽ . Ž . Ž . Ž . Ž .kq1 kq2 kq2 kq3 kq4
G l D , . . . , l B q l B G l D .Ž . Ž . Ž . Ž .kq4 ty1 t t
Ž . Ž .As in the case b we conclude that m q m G l A . Combining theky1 k k
Ž . Ž . Ž .above inequalities with ) we obtain again that 0 ) l E q l B , a1 k
contradiction.
Therefore, we have proved that m s m s ??? s m s 0. Suppose1 2 ty1
now that n ) 0 for some 1 F k F t y 1. By the first part of the proof andk
symmetry of considerations we may assume that t is odd, that is, B is1
projective and B is injective. Since n / 0, B admits a direct successor,t k k
say F, different from D . We have four cases to consider.kq1
Ž .e Assume k s 1. We have the inequalities
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ty1 t
G l D ,Ž .t
and
l B q l B s l D q n , l B q l B G l D , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 1 3 4 4 5 6
G l D , . . . ,Ž .6
l B q l B G l D .Ž . Ž . Ž .ty2 ty1 ty1
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Ž . Ž .Further, since B is injective, l B ) l D holds. We claim that n )t t tq1 1
Ž . Ž . Ž . Ž .l D . Indeed, if F is projective, then l D - l B - l F F n . Suppose1 1 1 1
Ž . Ž . Ž . Ž . Ž . Ž .F is not projective. Then l t F q l F G l B and l B ) l t F q l D ,1 1 1
Ž . Ž .and consequently n G l F ) l D . Combining the above inequalities1 1
Ž . Ž . Ž .with ) we obtain 0 ) l A q l E , a contradiction.1 1
Ž . Ž .f Assume k / 1 and odd. Clearly then k F t y 2. Then l B Fk
Ž . Ž . Ž .l t F q l F F l t F q n . Moreover, we have the inequalitiesk
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ty1 t
G l D ,Ž .t
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ky1 k
) l t F q l D , l B q l BŽ . Ž . Ž . Ž .k k kq1
s l D q n , l B q l BŽ . Ž . Ž .kq1 k kq2 kq3
G l D , l B q l BŽ . Ž . Ž .kq3 kq4 kq5
G l D , . . . , l B q l BŽ . Ž . Ž .kq5 ty2 ty1
G l D .Ž .ty1
Ž . Ž .and l D - l B , because B is projective. Combining the above inequal-1 1 1
Ž . Ž . Ž .ities with ) we get 0 ) l A q l E , a contradiction.k 1
Ž .g Assume k / t y 1 and even. Clearly then 2 F k F t y 3. We
have the inequalities
l A q l A G l D , l A q l A G l D , . . . , l A q l AŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ty1 t
G l D ,Ž .t
and
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ky2 ky1
G l D ,Ž .ky1
l B q l B s l D q n , l B q l BŽ . Ž . Ž . Ž . Ž .k kq1 kq1 k kq1 kq2
G l tyF q l D , l B q l BŽ . Ž . Ž . Ž .kq2 kq3 kq4
G l D , l B q l BŽ . Ž . Ž .kq4 kq5 kq6
G l D , . . . , l B q l B G l D .Ž . Ž . Ž . Ž .kq6 ty2 ty1 ty1
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Ž . Ž y . Ž . Ž .Further, l B F n q l t F and obviously l B ) l D . Combiningkq1 k 1 1
Ž . Ž . Ž .the above inequalities with ) we obtain 0 ) l A q l E , a contra-kq1 1
diction.
Ž . Ž . Ž y .h Assume k s t y 1. Again we have l B F n q l t F . Addi-t ty1
Ž . Ž . Ž y .tionally, since B is injective, we have l B ) l D q l t F . Combin-t t tq1
ing this with the inequalities
l A q l A G l D , l A q l A G l D , . . . , l AŽ . Ž . Ž . Ž . Ž . Ž . Ž .1 2 2 3 4 4 ty2
q l A G l D ,Ž . Ž .ty1 ty1
l B q l B G l D , l B q l B G l D , . . . , l B q l BŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 3 3 4 5 5 ty1 t
s l D q n ,Ž .t ty1
Ž . Ž . Ž . Ž . Ž .) and l D - l B , we obtain 0 ) l A q l E , again a contradiction.1 1 t 1
This finishes the proof of the lemma.
4.6. LEMMA. G does not contain a translation subqui¤er of the formA
where B , P are projecti¤e, t G 1, and A or B is injecti¤e.1 t t
Proof. We have the inequality
l B q l A G l P q l D .Ž . Ž . Ž . Ž .1 1
Ž . Ž . Ž .Since P is projective, l P ) l A q l B . Hence
l A ) l A q l D . )Ž . Ž . Ž . Ž .1 1
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Ž . Ž .If t s 1, then B is injective and l B ) l D . Moreover,1 1 2
l D q l D G l A q l B q l C .Ž . Ž . Ž . Ž . Ž .1 2 1 1 1
Ž . Ž . Ž .Combining the above inequalities with ) we obtain that 0 ) l A q l C ,1
a contradiction.
Assume t G 2. First observe the following inequalities hold
l D q l E G l A q l B q l E , 1 F i F t .Ž . Ž . Ž . Ž . Ž .i iq1 i i i
Summing up and reducing we get
tq1 t t
l D G l A q l B q l E ,Ž . Ž . Ž . Ž .Ý Ý Ýi i i 1
is1 is1 is1
because D s E . Suppose t is odd, say t s 2 s q 1 for some s G 1.tq1 tq1
Involving the inequalities
l A q l A G l D , 1 F j F s,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l B q l B G l D , 1 F j F s,Ž . Ž . Ž .2 jy1 2 j 2 j
we get
l D q l D G l A q l B q l E .Ž . Ž . Ž . Ž . Ž .1 tq1 1 1 1
Ž . Ž .From Lemma 4.2 we know that B is injective and hence l B ) l D .t t tq1
Ž . Ž .Combining this with the above inequality and ) we obtain 0 ) l A q
Ž .l E , a contradiction. Similarly, if t s 2 s, s G 1, then using the inequali-1
ties
l A q l A G l D , 1 F j F s y 1,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l B q l B G l D , 1 F j F s,Ž . Ž . Ž .2 jy1 2 j 2 j
we get
l D q l D G l A q l A q l E .Ž . Ž . Ž . Ž . Ž .1 tq1 1 t 1
Ž . Ž .From Lemma 4.2 we infer that A is injective and hence l A ) l C qt t
Ž . Ž .l D . Again combining this with the above inequality and ) we obtaintq1
Ž . Ž . Ž .0 ) l A q l E q l C , a contradiction. This finishes the proof of the1
lemma.
4.7. LEMMA. G does not contain a translation subqui¤er which is createdA
by identification the sectional paths A “ D “ ??? “ F “ E s Ft tq1 s tq1 sq1
in Figs. 1 and 2, and DX “ ??? “ M “ N in Figs. 2 and 3,2
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FIG. 1.
where D “ C “ C “ ??? “ C is a sectional path, B , BX are projec-tq1 1 2 k 1 1
X X Ž .ti¤e, A or B is injecti¤e, A or B is injecti¤e, possibly some or all of thet t s s
modules C , C , . . . , C are projecti¤e, t G 1, s G 1, k G 1, and possibly B or2 3 k




Proof. First observe that the following inequalities hold
l D q l E G l A q l B q l E , 1 F i F t ,Ž . Ž . Ž . Ž . Ž .i iq1 i i i
l F q l DX G l AX q l BX q l F , 1 F i F s.Ž . Ž . Ž . Ž . Ž .i iq1 i i iq1
This induces the inequality
t sq1 t t s
X Xl D q l D q l F G l A q l B q l AŽ . Ž . Ž . Ž . Ž . Ž .Ý Ý Ý Ý Ýi i 1 i i i
is1 is2 is1 is1 is1
s
Xq l B q l E ,Ž . Ž .Ý i 1
is1
Ž . Ž .because E s F . Since B is projective, we have l B ) l D . More-tq1 sq1 1 1 1
Ž . Ž X . Ž . Ž .over, l D q l A G l F q l C . All together this gives thetq1 1 1 k
inequality
tq1 sq1 t t s
X Xl D q l D ) l A q l B q l AŽ . Ž . Ž . Ž . Ž .Ý Ý Ý Ý Ýi i i i i
is2 is2 is1 is2 is2
s
Xq l B q l E q l C . )Ž . Ž . Ž . Ž .Ý i 1 k
is1
Ž . Ž .If B or E does not exist, we put l B s 0 or l E s 0. We have four1 1
cases to consider.
Ž .a Assume t and s are odd, say t s 2m y 1 and s s 2 l y 1 for
some m, l G 1. We have the inequalities
l A q l A G l D , 1 F j F m ,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F m ,Ž . Ž . Ž .2 j 2 jq1 2 jq1
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l AX q l AX G l DX , 1 F j F l ,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l BX q l BX G l DX , 1 F j F l.Ž . Ž . Ž .2 jy1 2 j 2 j
X Ž X . Ž X .Since B is injective, by Lemma 4.2, we get l B ) l D . Moreover,s s sq1
Ž . Ž . Ž . Ž .l A q l C G l B q l D . Combining now the above inequalitiest k tq1
Ž . Ž . Ž .with ) we obtain the inequality 0 ) l E q l B , a contradiction.1
Ž .b Assume t is odd and s is even, say t s 2m y 1 and s s 2 l for
some m, l G 1. We have the inequalities
l A q l A G l D , 1 F j F m ,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F m ,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l AX q l AX G l DX , 1 F j F l y 1,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l BX q l BX G l DX , 1 F j F l.Ž . Ž . Ž .2 jy1 2 j 2 j
X Ž X . Ž . Ž X .Since A is injective, again by Lemma 4.2, we get l A ) l G q l D .s s sq1
Ž . Ž . Ž . Ž .Moreover, l A q l C G l B q l D . Combining the above inequali-t k tq1
Ž . Ž . Ž . Ž .ties with ) we receive 0 ) l E q l B q l G , a contradiction.1
Ž .c Assume t is even and s is odd, say t s 2m, and s s 2 l y 1 for
some m, l G 1. We have the inequalities
l A q l A G l D , 1 F j F m ,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F m y 1,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l AX q l AX G l DX , 1 F j F l ,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l BX q l BX G l DX , 1 F j F l.Ž . Ž . Ž .2 jy1 2 j 2 j
X Ž X . Ž X . Ž . Ž .Since B is injective, we have l B ) l D . Moreover, l B q l C Gs s sq1 t k
Ž . Ž . Ž .l B q l D . Combining the above inequalities with ) we obtaintq1
Ž . Ž .0 ) l E q l B , a contradiction.1
Ž .d Assume t and s are even, say t s 2m and s s 2 l for some
m, l G 1. We have the inequalities
l A q l A G l D , 1 F j F m ,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F m y 1,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l AX q l AX G l DX , 1 F j F l y 1,Ž . Ž . Ž .2 j 2 jq1 2 jq1
l BX q l BX G l DX , 1 F j F l.Ž . Ž . Ž .2 jy1 2 j 2 j
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X Ž X . Ž . Ž X . Ž .Since A is injective, we get l A ) l G q l D . Moreover, l B qs s sq1 t
Ž . Ž . Ž . Ž .l C G l B q l D . Combining the above inequalities with ) wek tq1
Ž . Ž . Ž .receive 0 ) l E q l B q l G , again a contradiction. This finishes the1
proof of the lemma.
4.8. LEMMA. G does not contain a translation subqui¤er which is createdA
by identification the sectional paths A “ D “ ??? “ H “ E in thet tq1 tq1
following figures.
where D “ C “ C “ ??? “ C is a sectional path, B is projecti¤e, Atq1 1 2 k 1 t
or B is injecti¤e, E is either injecti¤e or a direct predecessor of a projecti¤e-t
Ž .injecti¤e module, possibly some or all of the modules C , C , . . . , C are2 3 k
projecti¤e, t G 1, k G 1, and possibly B or E does not exist.1
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Proof. Assume first that E is injective. We start with the inequalities
l D q l E G l A q l B q l E , 1 F i F t .Ž . Ž . Ž . Ž . Ž .i iq1 i i i
Summing up and reducing we get
t t t
l D q l E G l A q l B q l E .Ž . Ž . Ž . Ž . Ž .Ý Ý Ýi tq1 i i 1
is1 is1 is1
Ž . Ž . Ž . Ž . Ž .Moreover, we have the inequalities l H q l G G l E q l E , l Ctq1 ky1
Ž . Ž . Ž . Ž . Ž . Ž . Ž .q l F G l C q l E , l D q l E G l C q l H . Since B is pro-k tq1 ky1 1
Ž . Ž . Ž . Ž . Ž .jective and E is injective, we have l B ) l D and l E ) l F q l G .1 1
All together this gives the inequality
tq1 t t
l D ) l A q l B q l E q l C . )Ž . Ž . Ž . Ž . Ž . Ž .Ý Ý Ýi i i 1 k
is2 is1 is2
Ž . Ž .Again, if B or E does not exist, we put l B s 0 or l E s 0. We have1 1
two cases to consider.
Ž .a Assume t is odd, say t s 2 s y 1 for some s G 1. We have the
inequalities
l A q l A G l D , 1 F j F s,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F s.Ž . Ž . Ž .2 j 2 jq1 2 jq1
Ž . Ž . Ž . Ž .Moreover, l A q l C G l B q l D . Combining now the abovet k tq1
Ž . Ž . Ž .inequalities with ) we obtain the inequality 0 ) l E q l B , a contra-1
diction.
Ž .b Assume t is even, say t s 2 s for some s G 1. We have the
inequalities
l A q l A G l D , 1 F j F s,Ž . Ž . Ž .2 jy1 2 j 2 j
l B q l B G l D , 1 F j F s y 1.Ž . Ž . Ž .2 j 2 jq1 2 jq1
Ž . Ž . Ž . Ž .Moreover, l B q l C G l B q l D . Combining the above inequali-t k tq1
Ž . Ž . Ž .ties with ) we obtain again that 0 ) l E q l B , a contradiction.1
Suppose now that E is a direct predecessor of a projective-injective
Ž . Ž y . Ž . Ž .module Q. Then we have the inequality l E q l t E G l F q l Q q
Ž . Ž . Ž y .l G . Since Q is injective, we get l Q ) l t E . Combining this with the
Ž . Ž . Ž .above inequality we obtain l E ) l F q l G . Applying the arguments as
in the first part of the proof we get again a contradiction.
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4.9. LEMMA. G does not contain a translation subqui¤er of the formA
where P is either projecti¤e or a direct successor of a projecti¤e-injecti¤e
module, I is either injecti¤e or a direct predecessor of a projecti¤e-injecti¤e
module, and possibly H or K does not exist.
Proof. Assume first that P is projective and I is injective. We have the
Ž . Ž . Ž . Ž . Ž . Ž . Ž .following inequalities l P q l I G l F q l S , l B q l N G l P q
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .l K , l S q l D G l I q l N , l E q l C G l H q l I , l A q l F
Ž . Ž .G l E q l P , which give the inequality
l A q l B q l C q l D G l P q l I q l H q l K .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž .Again, if H or K does not exist, we put l H s 0 or l K s 0. Since P is
Ž . Ž . Ž . Ž . Ž .projective and I is injective, we get l P ) l A q l B and l I ) l C q
Ž . Ž .l D . Combining them with the above inequality we obtain 0 ) l H q
Ž .l K , a contradiction. Assume P is a direct successor of a projective-injec-
Ž . Ž . Ž . Ž .tive module Q. Then we have the inequality l t P q l P G l A q l Q
Ž . Ž . Ž .q l B . Since Q is projective, we get l Q ) l t P . Combining this with
Ž . Ž . Ž .the above inequality we obtain l P ) l A q l B . Similarly, we have
Ž . Ž . Ž .l I ) l C q l D if I is a direct predecessor of a projective-injective
module. Applying the arguments as in the first part of the proof we get
again a contradiction.
5. CYCLIC AND COHERENT COMPONENTS
We shall prove first the following characterization of cyclic components
of G .A
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5.1. PROPOSITION. Let X and Y be two cyclic A-modules. Then X and Y
belong to the same cyclic component of G if and only if there is an orientedA
cycle in G passing through X and Y.A
Proof. It is sufficient to show that if X and Y are connected by an
arrow in G then there is an oriented cycle in G passing through X andA A
Y. Suppose there is an arrow Y “ X in G but X and Y do not lie on aA
common oriented cycle in G . Clearly, then there is an irreducible mapA
Ž . Ž . Ž . Ž .Y “ X and hence l Y / l X . Assume l Y ) l X . Since X is cyclic, we
have in G an oriented cycleA
X s X “ X “ ??? “ X “ X s X . )Ž .0 1 ny1 n 0
Ž . Ž .Observe that X s X is not projective, because l Y ) l X and Y is a0
direct predecessor of X in G , and hence t X exists. Moreover, X / Y,A 0 ny1
because X and Y do not lie on a common oriented cycle in G . ThenA
Ž . Ž . Ž . Ž . Ž . Ž .l t X q l X G l X q l Y , and combining this with l Y ) l X0 0 ny1 0
Ž . Ž .we get l t X ) l X . Hence X is not projective and t X exists.0 ny1 ny1 ny1
Again, since X and Y do not lie on a common oriented cycle in G , weA
have X / t X , andny2 0
l t X q l X G l X q l t X ) l X q l XŽ . Ž . Ž . Ž . Ž . Ž .ny1 ny1 ny2 n ny2 ny1
Ž . Ž .implies l t X ) l X , because X s X . Repeating the above argu-ny1 ny2 n 0
ments we conclude that, for each k s 1, 2, . . . , n y 2, X is not projectivek
Ž . Ž . Ž .hence t X exists , X / t X , and l t X ) l X . Finally, observek ky1 kq1 k ky1
that t X / Y. Indeed, if t X s Y, we get a sectional cycle1 1
t X “ Y “ t X “ ??? “ t X “ t X s t X ,0 2 ny1 n 0
w x Ž w Ž .a contradiction with the Bautista]Smalø theorem 5 see also 4, VII 2.6 ;
x. Ž .6 . Therefore, since the cycle ) is not sectional, we have X s t X .ny1 1
But then G contains the oriented cycleA
t X “ Y “ X “ X “ ??? “ X s t X “ ??? “ t X s t X ,0 1 ny1 1 n 0
a contradiction.
Ž . Ž .In the case when l X ) l Y , invoking an oriented cycle of G passingA
through Y, we get a similar contradiction.
The following fact will play a crucial role in our proof of the necessity
part of Theorem A.
5.2. PROPOSITION. Let G be a connected, coherent, and almost cyclic
component of G . Then there are cyclic coray tubes C , C , . . . , C in the leftA 1 2 r
stable part G of G and cyclic ray tubes D , D , . . . , D in the right stable partl 1 2 s
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G of G such that the modules from C , C , . . . , C , D , D , . . . , D exhaustr 1 2 r 1 2 s
all but finitely many modules of G.
Proof. Observe first that G is infinite. Indeed, if G is finite then it
contains both a projective module and injective module. Since by our
assumption G is coherent, we then get a sectional cycle, a contradiction.
We also note that the number of modules in G which are neither left
stable nor right stable is finite. In particular, G or G is infinite.l r
Let S be a connected component of G. We claim that S contains anl
woriented cycle. Suppose it is not the case. Then, applying 12, Theorem
x3.4 , we conclude that S is isomorphic to a full translation subquiver of ZD
which is closed under predecessors, where D is a quiver without oriented
cycles. But then S contains a full translation subquiver V which is
isomorphic to a quiver of the form ND and is closed under predecessors in
G . In particular, V consists of acyclic modules and is clearly infinite. ThisA
contradicts our assumption that G is almost cyclic. We have now two cases
to consider. Assume first that S does not contain periodic module. Then it
w xfollows from 12, Theorem 2.3 that the cyclic part C s S of S is a cyclicc
coray tube containing at least one injective A-module and which is closed
under predecessors in S. Assume now that S contains a periodic module.
Since S is left stable, then S is stable, and consequently S is either finite
w xor a stable tube, by the results of 9, 15, 18 . Therefore, we have proved
that the cyclic part of S is either a cyclic coray tube or a finite stable
translation subquiver consisting of periodic modules.
Applying dual arguments we prove that the cyclic part of any connected
component of G is either a cyclic ray tube or a finite stable translationr
subquiver consisting of periodic modules. We note also that the stable part
G of G has only finitely many components, and so only finitely many finites
translation quivers consisting of periodic modules. Finally, observe that
since G is almost cyclic, for any stable nonperiodic module X of G, all but
finitely many modules t nX, n G 0 belong to a cyclic coray tube of G, andl
all but finitely many modules t nX, n F 0, belong to a cyclic ray tube of G.r
Therefore, there are cyclic coray tubes C , C , . . . , C in G and cyclic ray1 2 r l
tubes D , D , . . . , D in G such that the modules from1 2 s r
C , C , . . . , C , D , D , . . . , D exhaust all but finitely many modules of G.1 2 r 1 2 s
6. PROOFS OF THEOREMS A AND F
We have proved in the previous section that if G is a connected, almost
cyclic coherent component of G then G is infinite and satisfies conditionA
Ž .iii of Theorem F. Moreover, if G is a generalized multicoil then by
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Theorem E, G is a connected component of an Auslander]Reiten quiver
G and clearly is almost cyclic and coherent. Therefore, we may assumeA
that G is a connected coherent infinite translation quiver with a positively
valued length function l such that there are convex subquivers
C , C , . . . , C of the left stable part G of G and convex subquivers1 2 r l
D , D , . . . , D of the right stable part G of G satisfying the conditions1 2 s r
that C , C , . . . , C are cyclic coray tubes, D , D , . . . , D are cyclic ray1 2 r 1 2 s
tubes, and the vertices of C , C , . . . , C , D , D , . . . , D exhaust all but1 2 r 1 2 s
finitely many vertices of G. We shall prove that G is a generalized
multicoil. Clearly, this will prove the necessity part of Theorem A and the
sufficiency part of Theorem F, and consequently will complete the proofs
of Theorems A and F. Without loss of generality we may assume that Gl
contains a cyclic coray tube. We also note that the technical lemmas
proved in Section 4 are valid for any valued translation quivers with
positively valued length functions. We shall prove our claim by induction
on the number of projective vertices in G.
6.1. Assume first that G does not contain projective modules. Then
G s G, and it follows from our assumption that G contains a convexl
subquiver C such that C is a cyclic coray tube and contains all but finitely
many vertices of G. We claim that G is a coray tube. Suppose it is not the
case. Then C is a cyclic coray tube containing at least one injective vertex
and there is a finite sectional path X s X “ X “ ??? “ X s I in C0 1 m
with I injective such that C consists of all vertices of the form t tX ,j
0 F j F m, t G 0, and the remaining vertices of G are of the form t nX ,j
for some 0 F j F m y 1 and some n - 0. In particular, the arrows of G
have trivial valuations and its vertices have at most two direct predecessors
and at most two direct successors. Since G is not a coray tube, we then
deduce that it contains a full translation subquiver of the form
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .But then l N s l M q l N , l N q l U s l N q l U , l U s1 1 0 0 1 1 0 0
Ž . Ž . Ž . Ž .l U q l V , and combining them we get l M q l V s 0, a contradic-1 1
tion. Therefore, G is a coray tube.
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6.2. Assume G contains at least one projective vertex. Let C be a
fixed cyclic convex coray tube of G. We want to analyze how we mayl
complete G by the t-orbits of projective vertices from G having a directl Ž .a , b 6
predecessor in C. Let X P be an arrow in G with X from C and P
projective. Since C is a cyclic coray tube, we have in C an infinite
sectional path
X s X “ X “ X “ X “ ??? .0 1 2 3
We claim that the vertices X , i G 0, are not injective, and consequentlyi
we have in G an infinite sectional path
P “ tyX “ tyX “ tyX “ ??? .0 1 2
Indeed, if it is not the case, then G contains a translation subquiver of the
form
P “ tyX “ ??? “ tyX “ tyX0 ry2 ry1
› › › ›
X “ X “ ??? “ X “ X0 1 ry1 r
Ž . Ž y . Ž .with X injective, for some r G 1. But then l X q l t X G l P qr 0 ry1
Ž . Ž . Ž . Ž y . Ž .l X contradicts l X - l P and l t X - l X . Our next aim is tor 0 ry1 r
Ž . Ž .show that a, b s 1, 1 . Suppose ab G 2. Applying Lemma 4.1 we then
conclude that G contains a right stable infinite translation subquiver V
formed by the vertices tynP, tyny1X , n G 0, i G 0. Clearly V admitsi
arrows with nontrivial valuations and oriented cycles, because the modules
X , i G 0, lie in the cyclic coray tube C. This contradicts our assumption oni
G, and so a s b s 1. Assume now that X has exactly three direct
successors in G. Then invoking Lemmas 4.3, 4.4, and our assumption on G
we conclude that G admits a full translation subquiver
with D , D , . . . , D , C , C , . . . , C , t G 1, from C , and A or B injec-1 2 tq1 1 2 t t t
tive. More precisely, it follows from Lemma 4.2 that A is nonprojective,1
Ž .and B is injective respectively, A is injective if and only if t is oddt t
Ž .respectively, t is even . Further, if t G 2, then applying Lemma 4.5 we get
q  4 q y  4 yalso A s D s B , for 1 F i F t y 1, and A s D s B , for 2 F ii iq1 i i i i
F t. Finally, applying Lemmas 4.6, 4.7, 4.8, and their duals we infer that we
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have in G a full translation subquiver of the form
} if t is odd,
} if t is even,
with possible coincidence of U s A or V s A , U injective if we have ans 1 r t 1
arrow U “ A , and V projective if we have an arrow A “ V . Similarly,1 1 1 t 1
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< q<if X s 2, then we have in G a full translation subquiver of the form
This follows from Lemma 4.9 and the fact that in a ray tube any vertex is
the starting point of exactly one infinite sectional path. Observe also that,
in all the above cases, P is the source of exactly one infinite sectional path.
6.3. Assume now that X is an arbitrary vertex of the coray tube C.
< y< < q< < y<We shall prove that X F 3 and X F 3. Assume X G 3. Since any
vertex in C has at most two direct predecessors, we conclude that one of
the vertices in Xy is not left stable. Then t X has a projective predecessor
in G. Indeed, it is clear if Xy has no projective vertices. On the other
hand, if one of the vertices of Xy is projective then X has a projective
predecessor, and consequently t X has a projective predecessor, because
there is a path from X to t X in the cyclic coray tube C. We claim now
that X has an injective successor in G. It is clear if one of the vertices of
Xy is injective, because there is a path from X to t X. If not then this
follows from the fact that one of the vertices of Xy is not right stable due
to our assumption on the right stable components of G. Applying now the
w x w xcombinatorial version of Liu’s theorem 13 , proved in 10 , we conclude
< y< < y< ythat X F 4, and if X s 4 then one of the vertices in X is projec-
tive-injective. But the latter case is not possible by Lemma 4.4. Therefore,
< y< < q< < y<X F 3. Suppose now X G 4. Since X F 3 we conclude that one of
q Ž .the vertices of X is projective. Then as in 6.2 we deduce that the
infinite sectional path X s X “ X “ X “ ??? in C starting at X0 1 2
consists of noninjective vertices, and consequently tyX also belongs to the
q Ž y .ycoray tube C. But then we get a contradiction because X s t X .
< q<Therefore, we have X F 3.
6.4. Assume now that the cyclic coray tube C contains a direct
predecessor of a projective vertex of G. We claim that then there exists a
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projective vertex P in G with a direct predecessor in C and such that the
Ž .vertices W , W , W , . . . in the translation quivers described in 6.2 are not1 2 3
direct predecessors of projective vertices in G. Suppose it is not the case.
Then a simple analysis shows that we have in G an oriented cycle
Y “ ??? “ U “ ??? “ Y “ ??? “ Y “ ??? “ U “ ??? “ Y1 1 2 r r rq1
s Y , )Ž .1
r G 1, with the vertices U , Y from C such that, for each 1 F s F r, thei i
paths Y “ ??? “ U and U “ ??? “ Y are sectional, and the paths s s sq1
Y “ ??? “ U “ ??? “ Y is one of the following forms.s s sq1
with X injective and Z projective,s s
with Q projective-injective,
with t G 2, B projective, A nonprojective, B is injective if t is odd, and1 1 t
A is injective if t is even. Moreover, invoking Lemmas 4.3, 4.8, 4.9, andt
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their duals we conclude also that all direct predecessors of projective
vertices and direct successors of injective vertices belonging to C are on
Ž .this cycle or above. We shall now replace the cycle ) by a cycle
Y X “ ??? “ U “ ??? “ Y X “ ??? “ Y X “ ??? “ U “ ??? “ Y X1 1 2 r r rq1
s Y X , ))Ž .1
r Ž Ž . Ž X .. r Ž Ž . Ž ..such that Ý l U q l Y - Ý l U q l Y . Namely, for each 1 Fss1 s s ss1 s s
s F r, we take Y X as the intersection of the infinite sectional path startings
Ž .at U and pointing to infinity , where U s U , and the infinite sectionalsy1 0 r
Ž .path ending at U and pointing to the mouth of C ,s
Ž .In order to prove the above inequality, it is enough to show that l Y )s
Ž . Ž . Ž . Ž .l U for any 1 F s F r. Indeed, from the equalities l U q l U s l Ys sy1 s s
Ž X. Ž X. Ž . Ž .q l Y , we then get l Y - l U - l Y for any 1 F s F r, ands s sy1 sy1
consequently the required inequality holds.
Ž .Assume a holds. Consider the sectional path Y s V “ V “ ??? “s 0 1
V s X . If no vertex V , 0 F i F m y 1 is injective then we havem s i
Ž . Ž . Ž . Ž . Ž . Ž . Ž .Then l Y q l N G l X q l M , l X ) l U q l N , and conse-s s s s
Ž . Ž . Ž . Ž .quently l Y ) l U q l M ) l U . On the other hand, if i is the largests s s
 4index in 1, 2, . . . , m such that V is injective then we deduce as aboveiy1
Ž . Ž .that l V ) l U . Repeating this procedure over all injectives among thei s
Ž . Ž .vertices V , we deduce the required inequality l Y ) l U .i s s
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Ž .Assume b holds. If no vertex on the sectional path from Y to X iss s
injective, we have
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Then l Y q l Z G l Q q l U , l Q ) l Z , and so l Y ) l U . Ons s s s s s
the other hand, if there exists an injective vertex on the sectional path
from Y to X , we let I be the injective vertex closer to X and V be as s s
Ž . Ž . Ž . Ž .direct successor of I on this path. Then l V q l Z G l Q q l U ,s s
Ž . Ž . Ž . Ž . Ž .l Q ) l Z , and hence l V ) l U . Continuing the argument as in a ,s s
Ž . Ž .we get l Y ) l U .s s
Ž . Ž . Ž . Ž .Finally, assume c holds. We have l D q l E s l A qiq1 iq2 iq1
Ž . Ž . Ž . Ž . Ž .l B q l E , for each 1 F i F t y 1, l D s l B q l B , foriq1 iq1 2 j 2 jy1 2 j
Ž . Ž . Ž .each 2 F 2 j F t, l D s l A q l A , for each 3 F 2 j q 1 F t,2 jq1 2 j 2 jq1
Ž . Ž . Ž . Ž . Ž .and hence l B q l E s l B q l E , if t is odd, and l B q1 tq1 t 2 1
Ž . Ž . Ž . Ž .l E s l A q l E , if t is even. Involving now the equalities l B stq1 t 2 t
Ž . Ž . Ž .l E q 1, if t is odd, and l A s l E q 1, if t is even, we concludetq1 t tq1
Ž . Ž .that l B s l E q 1. Again, if no vertex on the sectional path from Y1 2 s
Ž . Ž . Ž . Ž .to X is injective, we have l Y q l E s l B q l U and consequentlys s 2 1 s
Ž . Ž . Ž .l Y s l U q 1 ) l U . In the case when one of the vertices on thes s s
sectional path from Y to X is injective we repeat arguments as above ands s
Ž . Ž .conclude that l Y ) l U .s s
For each 1 F s F r, define U X to be the intersection vertex of thes
X Ž .infinite sectional path starting at Y and pointing to infinity and thes
X Ž .infinite sectional path ending at Y and pointing to the mouth of C .sq1
Then we get an oriented cycle
Y X “ ??? “ U X “ ??? “ Y X “ ??? “ Y X “ ??? “ U X “ ??? “ Y X1 1 2 r r rq1
s Y X .1
Ž X. Ž X . Ž . Ž X .Moreover, we have the equalities l Y q l Y s l U q l U . There-s sq1 s s
r Ž Ž X. Ž X.. r Ž Ž . Ž X..fore, Ý l U q l Y - Ý l U q l Y . Going down with the cy-ss1 s s ss1 s s
cles, we eventually obtain negative sums, a contradiction.
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6.5. We have proved that if a cyclic coray tube C of G admits atl
least one direct predecessor of a projective module then G admits a full
translation subquiver of one of the forms
with Z projective, where possibly t s 0 and then Z s X X for any i G 0,01 0 i i
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with X X projective-injective,0
if t is odd, and
if t is even, where in both cases X X is projective and X X is injective.0 ty1
Ž . XAssume first that 3 holds. Then after removing all the vertices Z , Xi j j
and shrinking the paths X “ ??? “ ty1 X to the arrows X “ ty1 Xi iy1 i iy1
Ž .we get a new connected coherent, almost cyclic translation quiver V with
a positively valued length function, and having one projective vertex less
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than G. Invoking now our inductive assumption we conclude that V is a
generalized multicoil. Since G can be obtained from V by an admissible
Ž .operation of type ad 3 , we infer that G is also a generalized multicoil. We
Ž . Ž .have the similar situation in the cases 1 and 2 if no vertex Y , Y , . . . , Y1 2 t
is target of a sectional path with projective source, because then G can be
obtained from the corresponding generalized multicoil or a disjoint union
Ž . Žof two generalized multicoils by an admissible operation of type ad 1 , ad
. Ž . Ž . Ž .2 , or ad 4 . Finally, assume that 1 or 2 holds and there exists a
sectional path
P s U “ U “ ??? “ U “ Y “ Z “ Z “ Z “ ???0 1 k s 0 s 1 s 2 s
Ž .in case 1 , or a sectional path
P s U “ U “ ??? “ U “ Y “ Z “ Z “ Z “ ???0 1 k s 1 s 2 s 3 s
Ž .in case 2 , with P projective. We may assume that s is the largest element
 4of 1, 2, . . . , t with this property. Note that we may have many indecom-
posable projective modules lying on such infinite sectional paths passing
through Y but all of them have the common infinite sectional subpaths
with source at Y , described above. Invoking now Lemmas 4.3, 4.5]4.9, ands
our inductive assumption we conclude that G can be obtained from a
disjoint union of generalized multicoils by applying an admissible opera-
Ž . Ž . Ž .tion of type ad 1 , ad 4 , or ad 5 . Therefore, G is a generalized multicoil
and this finishes the proof.
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